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Abstract: In this paper, the nonlinear dynamic characteristics of the oxygen-enriched combustion
of waste oil biodiesel in semi-industrial furnaces were tested by the power spectrum, phase space
reconstruction, the largest Lyapunov exponents, and the 0-1 test method. To express the influences
of the system parameters, experiments were carried out under different oxygen content conditions
(21%, 25%, 28%, 31%, and 33%). Higher oxygen enrichment degrees contribute to finer combustion
sufficiency, which produces flames with high luminance. Flame luminance and temperature can be
represented by different gray scale values of flame images. The chaotic characteristics of gray scale time
series under different oxygen enrichment degrees were studied. With increased oxygen content, the
chaotic characteristics of flame gradually developed from weak chaos to strong chaos. Furthermore,
the flame maintained a stable combustion process in a high-temperature region. The stronger the
chaotic characteristics of the flame, the better the combustion effect. It can be seen that the change of
initial combustion conditions has a great influence on the whole combustion process. The results of
several chaotic test methods were consistent. Using chaotic characteristics to analyze the waste oil
biodiesel combustion process can digitize the combustion process, find the best combustion state,
optimize, and precisely control it.
Keywords: waste oil biodiesel; combustion; chaotic detection; 0-1 test; gray scale
1. Introduction
In recent years, oil shortages and environmental pollution have become two major challenges
of mankind. There is an urgent need to find alternative fuels for industrial furnaces for the
development of modern society. Vigorously developing biodiesel has important strategic significance
for sustainable economic development, promoting energy substitution, reducing environmental
pressure, and controlling urban air pollution [1,2]. As the global demands for environmental protection,
energy conservation, and emission reduction become higher, it is urgent to develop a new generation
of biodiesel combustion monitoring technology [3]. Due to the complexity of the biodiesel combustion
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situation, how to preserve normal combustion and extract the information in the combustion process
effectively is a difficult problem. At this time, advanced combustion diagnosis technology is critical.
On the one hand, different characteristics of the combustion process will be found through combustion
diagnostic techniques. This will improve the cognition of physical combustion phenomena used to test
numerical and theoretical models. On the other hand, the relationship of combustion results such as
flame stability, combustion efficiency, and pollutant emissions with initial conditions can be found.
Through appropriate processing and calibration methods, these features can be used to implement
monitoring algorithms to improve the security and reliability of combustion facilities [4,5]. Zhang (2012)
used a high-speed camera to record flame images and analyzed variations of flame volume, shape,
structure, and length under different atomization pressures and air excess coefficients. The results
showed that the flame volume gradually decreased with increased excess air coefficient under the same
atomization pressure. [6]. Wang (2013) used a high-speed camera to record flame images to study the
change rule of air preheating temperature on the shape, length, and area of biodiesel combustion flame.
The results showed that with increased preheating temperature, the flame shape gradually became
compact from dispersion. The flame length and area both decreased first and then increased with the
increased preheating temperature [7]. Jiang et al. (2015) studied the change rule of the temperature
field in the flame area when biodiesel was burned in a kiln via a swirl burner and analyzed the influence
of different excess air coefficients and combustion air temperatures on the temperature field in the
flame area [8]. Jiang et al. (2013) studied the emission characteristics of CO and NO from biodiesel
combustion in kilns. The results showed that with increased air excess coefficient, CO emission first
decreased and then increased, while NO emission first increased and then decreased [9]. Ibrahim (2016)
studied and compared the performance, combustion characteristics, NOx emissions, and stability of
diesel engines filled with five different biodiesel fuels [10]. Calder et al. (2018) conducted research on
reducing NOx emissions of palm oil methyl ester mixed with diesel oil and improving the ignition
performance of test fuel [11]. Qubeissi et al. (2018) mainly studied the heating and evaporation of
automobile fuel droplets. Several kinds of mixed biodiesel fuels were added and the combustion
of internal combustion engines was experimentally studied [12]. Kilic et al. (2018) conducted an
experimental study on the combustion of butanol/diesel/biodiesel blends and explored their effects on
the boiler performance and emission performance of reverse flame tube boilers [13]. Jeon et al. (2018)
used a visualization system to analyze spatial combustion flame and investigated B20 combustion and
soot emission processes under different injection pressure conditions [14].
By determining whether the combustion process of biodiesel is random, regular, or chaotic,
useful strategies and short-term predictions can be provided for combustion in industrial production.
Nonlinear deterministic and chaotic characteristics in the combustion process have been shown in
many studies [15–20]. Currently, chaotic features can be identified by different methods and standards,
such as Lorenz map [21], Poincare map [22], Grassberger-Procaccia algorithm [23], power spectrum
and strange attractor [24], and Lyapunov stabilization [25,26].
Cheng et al. (2016) used evolutionary support vector machine to establish a high-precision
prediction model, obtaining an optimal mixed performance prediction model through the K-means
chaos genetic algorithm [27]. The chaotic characteristics of combustion were analyzed by a nonlinear
method and the related trends were predicted by Maheshwari et al. (2011) [28] and Kabiraj et al.
(2012) [29]. Davies (2000) used an improved simple proportional feedback algorithm to control the
chaotic evolution of carbon monoxide combustion experimentally in a well-stirred flow reactor [30].
A new method to replace the classical complex chaotic identification, named the 0-1 test, has been
used to diagnose chaos in dynamical systems that do not require phase space reconstruction. Gottwald
and Melbourne (2009a, 2009b) used this method to identify chaotic phenomena from regular behavior
in deterministic systems [31–33]. The 0-1 detection method can judge whether the time series is chaotic
without phase space reconstruction, and has been verified in the natural gas combustion process and
many other fields [34–36].
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The aim of this paper is to study the nonlinear fluctuation characteristics of the gray scale of waste
oil biodiesel combustion flame images with continuously changing oxygen content, paying attention to
the relationship between image flame characteristics and combustion performance parameters [37–40].
The paper is composed of the following parts: Section 2 introduces the experimental equipment,
operating conditions, and image processing methods for extracting relevant flame parameters.
In Section 3, different diagnostic tools for chaotic combustion are proposed. Section 4 presents
the results and analysis. Section 5 summarizes conclusions and perspectives.
2. Experimental Apparatus, Operating Conditions
2.1. Experimental Apparatus
The burner design is mainly considered from two aspects: the first is the atomization effect of
biodiesel, and the second is to provide sufficient combustion-supporting gas for the combustion of
biodiesel. The internal structure of the burner consists of three layers of inner cavities. The innermost
layer is a fuel channel through which high-pressure fuel is atomized once under the action of an
atomizing nozzle. The middle layer is a primary combustion-supporting gas channel. The outlet side
of the channel is provided with air swirl vanes. The air coming out of the swirl vanes is mixed with
atomized fuel oil and plays a secondary role crushing the fuel oil, so the primary air function not only
provides a certain amount of combustion-supporting gas for the combustion of biodiesel, but also can
obviously improve the atomization effect. As the primary air outlet aperture is small, the primary air
volume is insufficient to provide the quantity of air required for combustion. Therefore, the outermost
layer of the burner is provided with a secondary air channel, which has a large space and can provide
sufficient combustion-supporting gas for the combustion of biodiesel. An air baffle is also arranged at
the outlet of the secondary air channel, and a circle of gas outlets is arranged around the baffle, so that
a higher gas flow rate at the outlet can be ensured, and high-speed gas can accelerate the mixing of oil
and gas, so that the combustion effect is better. Figure 1 shows the spray nozzle used in this waste oil
biodiesel combustion experiment. Figure 2 shows the main flame monitoring system located in the
combustion chamber.
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2.2. Operating Conditions
In this paper, transesterification was used to prepare the waste oil biodiesel, and refined waste oil
biodiesel was selected as the combustion agent. To provide a reliable theoretical basis for the design
and subsequent tests of the combustion system, the physical parameters of waste oil biodiesel refer to
the previous experimental data of our research group, as shown in Table 1.
Table 1. Physical and chemical properties of fuel.
Name KinematicViscosity
Surface
Tension
Flash
Point
Thermal
Value
Condensation
Point
Cetane
Number
Waste oil biodiesel 4.61 m2/s 28.3 mN/m 152 ◦C 38.98 MJ/kg 6 ◦C 51
According to the stoichiometric number of complete combustion of waste oil biodiesel, the oxygen
intake was selectively adjusted to make the oxygen enrichment degree 21%, 25%, 28%, 31%, and 33%.
2.3. Image Processing and Signal Analysis
As is known, MATLAB assigns an (i-j) pixel matrix to each image, where (i) is the row index and
(j) is the column index. These values depend on image luminance between 0 and 255. In this range, the
lowest correspond to dark pixels, and the highest correspond to light pixels. The luminance of the
flame is represented by the gray value of the image in the image processing. The higher the gray value,
the brighter the flame. In this paper, the luminance of the flame is expressed by the average gray scale
method. The calculation method is to accumulate the gray value of each pixel point in the effective
flame area in the image and compare the accumulated value with the pixel value in that area.
For an oil flame, with increased combustion temperature, the radiant energy emitted increases,
which shows increased luminance (gray scale) on images obtained by the high-speed camera of PCO. The
camera uses high-sensitivity, high-resolution, and high-speed CMOS sensors, which allows us to take
high-definition images at a resolution of 1920 pixels × 1080 pixels with a maximum speed of 2128 frames
per second. In this experiment, the image resolution was 1920 pixels × 1080 pixels and the shooting
speed was 200 square seconds. Therefore, it can be considered that the gray scale value of the image is
proportional to the temperature of the combustion flame. The principle of the calculation method consists
of adding up the gray values of pixels in the valid flame area of the image and dividing the number of
pixels in that area by the cumulative value to determine the average gray scale in the flame zone. According
to actual flame images, areas with a gray scale higher than 70 are considered as combustion areas, and
areas with a gray scale higher than 170 are considered as high-temperature areas. The high-temperature
area is the complete burning area of the flame, which is the place with the greatest flame luminance. The
backbone of the burning flame is the high-temperature area, where the gray scale changes little and the
flicker frequency is low. The larger the area where the combustion flame has a stable high-temperature
area, the stronger the flame’s ability to resist interference and the more stable the combustion. Generally
speaking, under certain other conditions, the higher the combustion temperature, the more sufficient the
combustion; that is to say, the higher the gray scale of the flame image, the more sufficient the combustion.
As long as the burning flame has a certain stable high-temperature area, the flame will have strong
resistance to interference and the combustion will be stable.
3. Diagnostic Tools
In this section, we talk about proven nonlinear indicators used to distinguish the chaotic
combustion phenomenon.
3.1. Power Spectrum Analysis of Time Series
Signal spectrum analysis is an important part of digital signal processing. Some standard spectral
techniques can be used to obtain the information of flame temporal dynamics. Characteristics such as
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maximum amplitude frequency, flicker frequency, and energy distribution according to spectral band
can be acquired. The time domain representation of the signal is determined, and its spectrum can be
obtained by MATLAB using fast Fourier transform (FFT). The frequency-domain representation of a
signal reveals important characteristics that are difficult to analyze in the time domain.
Spectral density characterizes the frequency content of a signal or a stochastic process. Intuitively,
the spectrum decomposes the signal or the stochastic process into different frequencies and identifies
periodicities. There are a few algorithms for estimating the power spectral density (PSD) of a signal,
including the Welch’s method, the periodogram, Yule-Walker autoregressive method, Burg method,
etc. None of the PSD methods are perfect because they do not work as well for low signal to noise
ratios and suffer from higher variance. Considering its simplicity, this paper used the periodogram,
which is simple to implement in MATLAB. When there is a large number of signal time samples and
the signal to noise ratio is high enough, this method can work well.
The power spectral density gives the energy distribution of time series in frequency. It is calculated
as a discrete Fourier transform (DFT). Given a signal x(tn) (n = 1, ..., N), obtained with sampling
frequency fs, DFT is defined as:
X( fk) =
∑N
i=1
x(tn)e−i2pi f ktn k = 0, 1, 2, . . . , N − 1, (1)
where tn indicates the time instantly, and fk = k · fs/N is the corresponding frequency.
3.2. Reconstruction Phase Space
The purpose of phase space reconstruction is to restore the true trajectory of chaotic attractors in
high-dimensional phase space, which is the basis of nonlinear dynamics analysis. Its basic principle
is to find a nonlinear model in high-dimensional space, and use this model to re-display the dynamic
characteristics of the system and realize prediction within a certain period of time. Embedding the gray
scale time series of the flame image in the combustion process into m-dimensional space, a series of
m-dimensional vectors of the phase space can be obtained to form the mathematical formula of the phase
space of the system. The data points in the phase space can effectively restore the state of the system and
predict its development trend with time through the movement rules of its data points. The motion law of
each data point in the phase space finally forms the trajectory of the attractor of the high-dimensional
system. Therefore, the development characteristics of the combustion flame and the motion relationship
between front and back can be expressed by reconstructing the attractors in the phase space.
Given the time series x(j) (j = 1, 2, ..., Nm), one-dimensional time series is extended to m-dimensional
phase space time series. According to Takens’s time-delay embedding theorem, by selecting the
appropriate embedding dimension and time delay, the dynamic form of the original system can be
restored in the sense of topological equivalence, so there is a smooth mapping F: Rm→ Rm, and the
expression of phase space trajectory is given as follows:
X(j) = {x(j), x(j + τ), · · · , x(j + (m − 1)τ)} j = 1, 2, 3, · · · , Nm, (2)
where X(j) is the m-dimensional vector, x(j) is the time series data point, m means the embedding
dimension, and τ indicates the delay time; Nm = N − (m − 1) τ.
3.3. Largest Lyapunov Exponent
The Lyapunov exponent refers to the average rate of change of two trajectories that are close
to each other in phase space. With the passage of time, the two trajectories separate or aggregate
exponentially. When the variables evolve with time, the Lyapunov exponent spectrum of the system
can effectively represent its sensitivity to initial values. An index less than zero indicates that the phase
volume of the system shrinks in this direction and movement in this direction is stable. A positive
exponential value indicates that the phase volume of the system expands and folds continuously in
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this direction, making the original adjacent trajectories in the attractor become increasingly irrelevant,
thus making the initial state unpredictable with regard to the long-term behavior of the system; that is,
so-called initial value sensitivity.
In this paper, based on Takens’s delayed coordinate reconstruction technique, m-dimensional
phase space was reconstructed with delayed coordinates for turbulent flame image gray scale time
series, the most suitable embedding dimension was calculated, and, finally, the Lyapunov exponent
was calculated.
3.4. The 0-1 Test Method
Thinking about the flame image, gray scale time series can reflect the interrelationships among
combustion processes. It is applicable to the 0-1 test. Defining the time series as x(j), two additional
transfer variables p(n) and q(n) can be defined as follows:
p(n) =
∑n
j=1
x( j)cos( jc), n = 1, 2, · · · , N, (3)
and
q(n) =
∑n
j=1
x( j)sin( jc), n = 1, 2, · · · , N, (4)
where n = 1, · · · , N and c ∈ [0, pi] is a random frequency. However, different c will result in different p(n)
and q(n), and some values of c will lead to resonance. In order to reduce resonance-causing distortion
of results, the constant c is limited to the interval of [pi/5,4pi/5]. Gottwald and Melbourne suggested the
100 random numbers generated in the section [32,33].
If the discrete time series trajectory of p(n) and q(n) approximates Brownian motion, this proves
the time series is chaotic.
To determine the growth of p(n) and q(n), it is convenient to look at the modified mean square
displacement (MSD), defined as Mc(n), which is the definition of asymptotic properties:
Mc(n) = lim
N→∞
1
N
∑N
j=1
{[p( j+ n) − p( j)2] + [q( j+ n) − q( j)]2}, (5)
where N is the total number of all signal points and n is the magnitude of the time delay for calculating
the displacement. From time j to time j + n, the square of the displacement on planes p(n) and q(n) is
the term in brackets. Mc(n) shows the average of all these squared displacements assessed over all
time lags of the trajectory. For regular time series Mc(n) is bounded, while for chaotic time series it
increases linearly with time.
There is still a revised least squares displacement, which shows the same asymptotic increase as
Mc(n), but has better convergence quality, defined as Dc(n):
Dc(n) = Mc(n) − (E(ϕ))2 1− cos(nc)1− cos(c) , (6)
where
(E(ϕ))2 = lim
N→∞
1
N
∑N
j=1
x( j). (7)
The performance of Dc(n) can also be used to measure the convergence and divergence of p(n) and
q(n). If the given time series is ordered, Dc(n) is a bounded quantity; if the given time series is chaotic,
Dc(n) increases linearly with n. For the range of n, n ≤ ncut = N10 is generally selected. After calculating
Mc(n) or Dc(n) the index sought is provided by any metric Kc, representing its asymptotic growth rate.
Linear regression and the correlation coefficient are two methods to distinguish Kc.
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One way to define chaotic index Kc is as the correlation coefficient between Dc(n) and linear
growth. Linear growth is defined as the ratio between the product of covariance (cov(ξ, η)) and
standard deviation or variance (var(ξ)):
Kc =
cov(ξ, η)√
var(ξ)·var(η) , (8)
where ξ = 1, 2, · · · , n, η = (Dc(1), Dc(2), Dc(3), Dc(4), · · ·Dc(n)). It is commonly believed that the
correlation coefficient will be between −1 and 1, and Gottwald and Melbourne proved that the
correlation is usually at 0 to 1.
Parameter K provides asymptotic characteristics of p(n) and q(n) dynamic systems. However, the
value of parameter c will greatly affect the dynamic characteristics of the system. Therefore, different c
will produce different K values and resonance phenomena. In order to solve this problem, Gottwald
and Melbourne suggested using different c values to repeatedly calculate K values and taking the
median of all Kc results as the final index of chaos.
The second way holds that the linear regression method defines a straight line, which is suitable
for the logarithmic graph of Dc against n to minimize the square deviation.
This method minimizes the residual error of the linear model:
Kc = limn→∞
ln Dc(n)
ln n
. (9)
4. Results and Analysis
Quantitative information is obtained from the average of statistical and spectral parameters, which
are calculated on some parts of the registration area.
4.1. Flame Image Feature
Using suitable functions available in MATLAB, the feature vectors described above were calculated
for all flame images grabbed during the experimental campaign. In the experiment, pictures were
taken from the start of flame ignition: 75 pictures were taken every 10 s, and 1000 pictures were
taken continuously. In Figure 3, the 1st (first second), 300th (40th second), 500th (67th second), 800th
(108th second), and 1000th (135th second) pictures were respectively selected under oxygen content
of 21%, 25%, 28%, 31%, and 33%. The development process of flame could be clearly seen from the
evolution rule of flame state in the picture sequence.
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In the same combustion time, with increased oxygen content, the burning time of the flame
became longer, and its burning area and intensity were also larger. It can be seen from Figure 3
that with i creased oxyge conten i the combus io -supp rting gas, he flame length shows a
trend of increasing at the beginning and then decreasing. With increased oxygen content in the
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combustion-supporting gas, on the one hand, the waste oil biodiesel can be burned more fully;
on the other hand, the intensity of combustion is increased, so under the condition of 25% oxygen
concentration, the more sufficient combustion of waste oil biodiesel causes a short increase in flame
length. With a further increase of oxygen concentration, the intensity of combustion increased, resulting
in decreased flame length.
The flame length of waste oil biodiesel combustion fluctuated greatly, and gradually decreased
with the increased oxygen content of combustion-supporting gas. Due to the influence of viscosity,
the atomization effect of waste oil biodiesel is poor. Inadequate atomization will lead to large-diameter oil
droplets. The existence of large-diameter oil droplets will cause the flame length of waste oil combustion
to fluctuate greatly. With the increased oxygen content in combustion-supporting gas, the combustion
effect of waste oil biodiesel was improved, and the fluctuation degree of flame length gradually decreased.
The fluctuation degree of flame luminance was large, and gradually decreased with the increased oxygen
content. As the combustion state of the flame in the test was a transition process from carbonization flame
to oxidation flame, the luminance of the flame was related to the content of free carbon in the transition
stage, and the instability of the content of free carbon causes the luminance to fluctuated greatly. With
increased oxygen content, the content of free carbon decreased gradually and the fluctuation degree of
flame luminance decreased gradually. With increased oxygen enrichment degree, the proportion of the
outer flame increased, and the average gray scale of the whole flame decreased due to the lower gray
scale of the outer flame image. When the oxygen enrichment was 21%, the higher average gray scale
of the flame was caused by the burning of free carbon contained in the flame to emit bright light spots.
However, under other oxygen enrichment conditions, with increased oxygen enrichment, the higher
flame luminance was due to higher oxygen concentration and combustion intensity.
4.2. Power Spectrum Analysis of Time Series
A typical frequency domain signal stored by a single pixel is shown in Figure 4. From the five gray
scale time series a1 to a5, it was found that the fluctuation range of the flame image gradually tended
to be stable with increased oxygen content under the gray scale threshold value of 70, and the time
series under the first three working conditions were violently vibrated and decreased; in particular,
the gray scale was violently vibrated under the oxygen content of 21%, the surface temperature was
very unstable under this working condition, and the combustion was not fully carried out. From the
gray scale time series of b1 to b5 species, it could be found that with the continuous advancement of
combustion time, the fluctuation of gray scale time series of flame below a threshold value of 170 under
the first three working conditions was still very large, the fluctuation amplitude was larger and more
severe than in a, and the combustion instability of flame was fully reflected. With the passage of time,
under the combustion condition of increasing oxygen enrichment degree, the fluctuation region of
flame gray value was stable, and the oscillation amplitude was obviously decreased, which indicates
that the high-temperature region of the flame could be maintained for a longer time and the flame
could continuously combust more stably.
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Figure 4. Gray scale ti e series it ifferent thresholds and their power spectra: time series when
gray scale threshold is (a1–a5) 70 and (b1–b5) 170, and (c1–c5) power spectra of two time series.
Images c1 to c5 too t ri of power maps of two gray scale tim s ries under different
oxygen contents. Under orking conditions c1, c2, and c3, the power spectrum of the flame gray scale
sequence fluctuated obviously, the black line fluctuated ore violently, and the peaks and troughs of
the two sequences were more dense, with the two time sequences showing overlapping parts. Under
conditions c4 and c5, the power spectrum fluctuation amplitude of the time series and the oscillation
frequency decreased, which indicates that the combustion stability was further strengthened.
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Meanwhile, it can be seen from all the images in Figure 4 that the combustion of the flame was
not a periodic change process. The change of oxygen enrichment degree under the initial combustion
condition had a significant impact on the combustion effect.
4.3. Phase Reconstruction Method
Figure 5 shows two-dimensional scatter diagrams of flame gray scale time series phase space
reconstruction. According to the definition of chaos, it can be seen that under five combustion
conditions, the phase points of the time series show a tendency to approach a certain attractor set,
which indicates that the gray scale time series showed strong chaotic characteristics in the phase space
after the phase space reconstruction. With increased oxygen content, the attraction of the attractor
was gradually strengthened, and the distribution of discrete points was gradually concentrated and
closed. Especially at 33% oxygen content, the phase points developed and evolved from the above four
elongated discrete forms into circular discrete forms. In Figure 5, the images on the left represented the
time series under the threshold with gray scale greater than 70, and those on the right represent the
time series under the threshold with gray scale greater than 170.
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Figure 5. Reconstruction of 2-D scatter diagrams from time series phase space for flame images with
different oxygen content at (a1–a5), 70 gray scale threshold and (b1–b5), 170 gray scale threshold.
4.4. 0-1 Test Results
Two kinds of threshold analysis were carried out on the flame gray image. One was where the
image gray scale was greater than 70, and the image presented at this time was all areas of the flame;
the other was where the gray scale was greater than 170, and the high-temperature combustion area
of the flame was presented at this time, with brighter luminance. The 0-1 test results are showed
in Figure 6 of the gray scale threshold is 70 and Figure 7 of the gray scale threshold is 170. From
the calculation rults, it can be seen that with increased oxygen content, the whole flame and its
high-temperature region gradually presented strong chaotic characteristics, which shows that with
increased oxygen enrichment degree, the combustion effect of the flame was better, the combustion
stability was further strengthened, the combustion reaction duration was longer, and the combustion
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reaction of waste oil biodiesel was more sufficient. The index of judging chaos by the 0-1 test method
was mainly to see whether Dc-t is Brownian motion. Under the two thresholds, the movement rule
of the time series was from higher divergence to centralized development, which indicates that the
fluctuation of the time series was further reduced. Combined with the flame images in a certain period
from ignition to full combustion to gradual extinguishment, it can be found that the flame was easier
to extinguish and the chaotic characteristics of its high-temperature region were more obvious under
the condition of less oxygen enrichment.
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Figure 6. Results of the 0-1 test with gray scale threshold of 70: (a1–a5) Dc-t phase diagram, (b1–b5),
p-q phase diagram, and (c1–c5), Kc-c phase diagram.
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However, in the process of using chaos 0-1 to test and calculate, a phenomenon was found. There
are two indices for determining chaos: through Dc-t and p-q diagrams, which are used for qualitative
analysis, and Kc-c value, used for quantitative analysis. In the calculation process, it was found that
the Kc value of the time series was basically close to 1 under the five working conditions, and the Kc
value had a wide distribution area under conditions of 25% and 28% oxygen content. After many
times of calculation, it could be determined that 40% Kc value was distributed between 0.5 and 0.2,
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which indicates that at this time, the system was in a weak chaotic state and the p-q trajectory diagram
showed a phenomenon from bounded to disordered. With increased oxygen content, the combustion
was more complete and Kc value tended to 1 completely. At this time, the system became completely
chaotic. A bounded and stable p-q trajectory graph also appeared in the calculation. This was because
the calculation of the time series sometimes fluctuated when using the 0-1 chaos test. At this time,
the qualitative analysis could no longer meet the discrimination requirements, and we should take the
result of the quantitative analysis, namely Kc value, as the standard.
4.5. Calculation Results of the Largest Lyapunov Exponent
In order to verify the feasibility of the 0-1 test, this paper also used the traditional largest Lyapunov
exponent (LLE) to analyze the time series. The results are shown in Table 2. After calculating the gray
scale time series of the flame images under the two thresholds, all LLEs were positive, which shows
that the system was chaotic and the feasibility of the 0-1 test is verified once again.
Table 2. Calculation results of largest Lyapunov exponent (LLE).
Gray Scale Oxygen Enrichment Concentration
21% 25% 28% 31% 33%
70 1.3260 1.3187 1.2078 1.7055 1.9866
170 0.9812 0.6193 0.3063 3.0770 2.8896
When the gray threshold value was 70, the LLEs of the five working conditions were between
1 and 2, without obvious oscillation and fluctuation. This shows that the increased oxygen content
would not significantly affect the distribution of the whole flame area from the overall distribution of
the flame, but the chaotic trend became more obvious. When the oxygen content was 33%, the gray
scale time series had strong chaotic characteristics.
When the gray scale threshold was 170, the main research at this time was the combustion situation
in the high-temperature region of the flame. It could be seen that with increased oxygen content in
the combustion-supporting air, the high-temperature combustion distribution of the flame showed
strong chaotic characteristics after 30%, indicating that the combustion effect of the flame was the best
at this time.
5. Conclusions
(1) According to the test results, it was found that different oxygen concentrations had a great
influence on the combustion strength and stability of waste oil biodiesel. In this paper, the common
flame gray scale in flame image processing was taken as the research index. Under the stable combustion
condition, the average gray value of the image was maintained at a high level and fluctuates slightly
up and down. During unstable combustion, the average gray value of the image was lower than that
of the stable combustion condition. When the fluctuation range was large and flameout occurred,
the average gray value of the image rapidly dropped extremely low.
(2) Using common methods to judge the chaotic characteristics of time series (phase space
reconstruction, largest Lyapunov exponent, power spectrum, and the 0-1 chaotic test), flame gray scale
time series under different thresholds were calculated and analyzed. The results show that all gray
scale distributions of the flame showed chaotic characteristics for the oxygen-enriched combustion of
waste oil biodiesel. With gradually increasing oxygen content, the flame showed more intense chaotic
characteristics, and all kinds of discrimination indices showed strong chaotic characteristics.
(3) The nonlinear characteristics of the biodiesel oxygen-enriched combustion system showed
a gradual transition from quasi-periodic to chaotic, and the high-temperature combustion area was
gradually expanded and strengthened. This shows that the combustion system became more complex
and more chaotic and the combustion effect was improved after the oxygen-enriched combustion
method was applied. The increased oxygen enrichment degree induced a gradual transition from
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unstable to stable for stable and efficient combustion of the flame. When the oxygen content reached
33%, the combustion effect of the flame was the best in all test conditions. After calculation, it was
found that the oxygen enrichment degree and chaotic Kc correlation coefficient were 0.88 and 0.86
respectively under two groups of gray scale time series. Which indicate that with the increase of
oxygen content, the chaotic intensity was gradually increasing and the combustion effect was getting
better and better.
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Nomenclature
cov coefficient of variation
LLE largest Lyapunov exponent
MSD mean square displacement
mean mean value
FFT fast Fourier transform
PSD power spectral density
DFT discrete Fourier transform
symbols
c random value
Dc(n) modified mean square displacement
λ largest Lyapunov exponent
Mc(n) mean square displacement
m embedding dimension
p(n) translation variable
q(n) translation variable
ts time parameter
t time
τ delay time
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